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$\mathrm{H}\mathrm{o}\mathrm{m}$ $U$ $k$-Hopf algebra $U$ , , , , antipode
, $m_{U},$ $u_{U},$ $\triangle u,$ $\in u,$ $s_{u}$ ( $U$ ) . .
$V,$ $W\in u^{\mathrm{M}}$ , $V\otimes W$ ( $\otimes_{k}$ @ )
$u(v \otimes w)=\sum_{(u)}u_{(}1)v\otimes u_{(}2)w(u\in U, .\cdot v\in V, w..\in W)$
, $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W)$
$(uf)(v)= \sum_{u()}u(1)(f((su(2))(v).))(u\in U, f\in \mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W), v\in V)$
$U$-module ( $S=S_{U}$ $U$ $\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{p}_{0}\mathrm{d}\mathrm{e}$)
$V$ U-module , $U\otimes V$ U-free
Standard $fpk$-linear maps
(2.1) $\circ:\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W)\otimes \mathrm{H}\mathrm{o}\mathrm{m}_{k}(X, V)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{k}(X, W)$ $f\otimes g-\succ f\circ g$
(2.2) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V\otimes X, W)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{k}$( $V,$ Homk $(X,$ $W)$ ) $f-\succ(v-\succ(x-\rangle f(v\otimes x)))$
(23) $V\otimes k\cong V\cong k\otimes V$ $(v\otimes 1->v\mapsto 1\otimes v)$
(24) $(V\otimes W)\otimes X\cong V\otimes(W\otimes X)$ $(v\otimes w)\otimes x-\rangle v\otimes(w\otimes x)$
(2.5) $X\otimes \mathrm{H}\mathrm{o}\mathrm{m}(V, W)arrow \mathrm{H}_{\mathrm{o}\mathrm{m}}(V, X\otimes W)$ $x\otimes f-\rangle(v-\succ x\otimes fv)$
U-linear $V,$ $W,$ $X$ natural $V,$ $W,$ $X$ U-modules $k$
trivial $\circ$ , $k$ k-vector space $k$ $u\alpha=\in u(u)\alpha(u\in U, \alpha\in k)$
$U$ $U$-module $V$ ,
$W=k$ , $X\otimes V^{*}\cong \mathrm{H}\mathrm{o}\mathrm{m}(V, X)$ $U$ cocommutative ,
$\tau$ : $V\otimes W\cong W\otimes V(\tau(v\otimes w)=w\otimes v)$ $U$-linear $V,$ $W$ natural $Q$
$\mathrm{E}\mathrm{x}\mathrm{t}_{U}^{i}(k, ?)$ $H^{i}(U$, ? $)$ $V,$ $W$ U-modules , .
$\mathrm{H}\mathrm{o}\mathrm{m}_{U}(V, W)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{U}(k, \mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W))=H^{0}(U, \mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W))$
, (2.2) $H^{0}(U, ?)$ ,
(2.6) $\mathrm{H}\mathrm{o}\mathrm{m}_{U}(V\otimes X, W)\cong \mathrm{H}\mathrm{o}\mathrm{m}U(V, \mathrm{H}\mathrm{o}\mathrm{m}_{k}(X, W))$
, $?\otimes X$ $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(X$ , ? $)$ left adjoint $(2.6)\backslash$
’
$V=\mathrm{H}\mathrm{o}\mathrm{m}_{k}(X, W)$
, $\mathrm{i}\mathrm{d}_{V}$ , ’. $\cdot$ .
$\mathrm{e}\mathrm{v}:\mathrm{H}\mathrm{o}\mathrm{m}k(X, W)\otimes Xarrow W$ $(f\otimes x\mapsto fx)$
, ev U-linear
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, $U$ cocommutative , U-linear map ev $0\tau$
$\mathrm{H}\mathrm{o}\mathrm{m}_{U}(X\otimes \mathrm{H}_{\mathrm{o}\mathrm{m}_{k}}(x, W),$ $W)\cong \mathrm{H}_{0}\mathrm{m}U$ ( $X,$ $\mathrm{H}\mathrm{o}\mathrm{m}k$ (Homk $(X,$ $W),$ $W)$ )
map $x\ovalbox{\tt\small REJECT}arrow(f-rfX)$ U-linear ( map duality map
)
$M,$ $Np_{\mathrm{a}}^{\grave{-}}U$-comodules $\sigma$) $\text{ },$ $M\otimes N$ la coaction
$M\otimes Narrow M\otimes N\otimes U$
$(m \otimes n-\rangle\sum_{)(m),(n}m(0)\otimes n(0)\otimes m_{(}1)n_{(1)})$
$\mathrm{U}$-comodule
, $M$ $k$ $M^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{k}(M, k)$ U-comodule
$M$ $x_{1},$ $\ldots,$ $x_{m}$ , $\xi_{1},$ $\ldots,$ $\xi_{m}$ $\circ M$ coaction
$Marrow M\otimes U$ $\omega_{M}$ , $\omega_{M}(x_{j})=\Sigma_{i}x_{i}\otimes u_{ij}$ , $u_{ij}\in U$ ,
$\omega_{M^{*}}$ : $M^{*}arrow M^{*}\otimes U$ $\omega_{M^{*}}(\xi_{i})=\Sigma_{j}$ \xi j\otimes SU(u , $M^{*}$ U-comodule
Trivial $U$-comodule( $k$ ) , $k$ , $\omega(\alpha)=\alpha\otimes 1(\alpha\in k)$ coation
$U$-comodule $\mathrm{E}\mathrm{x}\mathrm{t}_{\mathrm{N}\mathrm{I}^{U}}^{i}$ $(k$ , ? $)$ $H^{i}(\mathrm{M}\mathrm{I}^{U}, ?)$
Dual Hopf algebra $U$ k-coalgebra , $U^{*}$
$(u^{*}v^{*})(w)= \sum_{(w)}u*.*w(1)vw(2)$
$(u^{*}, v^{*}\in U^{*}, w\in U)$
k-algebra
$U^{\mathrm{O}}=$ { $\varphi\in U^{*}|\exists I\subset U$ (ideal), $\varphi(I)=0,$ $\dim_{k}U/I<\infty$ }
$U^{\mathrm{O}}$ $U^{*}$ k-subalgebra , $m_{U}^{*}$ : $U^{*}arrow(U\otimes U)^{*}$ , $U^{\mathrm{O}}\subset U^{*}$
$U^{\mathrm{O}}\otimes U^{\mathrm{O}}\subset(U\otimes U)^{*}$ , $m_{U}^{*}$ $k$-Hopf algebra
$U^{\mathrm{O}}$ $U$ Hopf algebra
$M$ $U$-comodule , $U^{*}$ $M$
$u^{*}m:= \sum_{m()}(um_{(1)})*m_{(0})$
, $M$ $U^{*}$ -module $\circ \mathrm{U}$-comodule map l $U^{*}$ -linear ,
$\mathrm{M}^{U}arrow U^{*\mathrm{N}\mathrm{I}}$ $\mathrm{M}^{U}arrow U^{*\mathrm{M}}arrow U^{\circ \mathrm{N}\mathrm{N}}$
$\Phi$ $\Phi$
$\Phi$ , $M,$ $N\in \mathrm{M}^{U}$ , $\Phi M\otimes\Phi N\cong M\otimes N\cong\Phi(M\otimes N)$
, U-isomorphism dual , $M\in \mathrm{M}^{U},$ $\dim_{k}M<\infty$
, $(\Phi M)^{*}\cong M^{*}\cong\Phi(M^{*})$ U-isomorphism
, $\Phi$ trivial $\Phi(k)$ trivial $k$
$k$-Hopf algebra $U$ proper , $U^{\mathrm{O}}$ $U^{*}$ dense ( , \eta : $Uarrow$
$(U^{\mathrm{O}})^{*}(\eta(u)(v^{*})=v^{*}(u))$ ) $\circ$
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27 $U$ $k$-algebra , $U$ proper
$u\in \mathrm{K}\mathrm{e}\mathrm{r}\eta$ $U$ $\mathfrak{m}$ $n\geq 1$ , $U/\mathfrak{m}^{n}$ $k$
, $u$ $U/\mathfrak{m}^{n}=(U/\mathfrak{m}^{n})^{**}$ $0$ , $\mathfrak{m}\not\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}Uu$
, $\mathfrak{m}$ , $Uu=0$ . $\cdot$.
$U$ dense $\mathrm{k}$-Hopf algebra $V$ $U^{\mathrm{O}}$-module , $U^{\mathrm{O}}\otimes Varrow V$ $av$
$\mathrm{H}\mathrm{o}\mathrm{m}_{k}(U\otimes V, V)\cong \mathrm{H}\mathrm{o}\mathrm{m}k(V, \mathrm{H}\mathrm{o}\mathrm{m}k(U, V))$
$\rho_{V}$ $V\otimes Uarrow V\otimes(U^{\mathrm{O}})^{*}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{k}(U, V)$ $\theta_{V}$
, $\rho v^{a}v$ : $Varrow \mathrm{H}\mathrm{o}\mathrm{m}_{k}(U, V)$ ${\rm Im}(\theta_{V})$ $(\rho_{V}a_{V})-1({\rm Im}(\theta_{V}))$’ $V_{\mathrm{r}\dot{\mathrm{a}}\mathrm{t}}$
, $V$ rational part $V_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $V$ subspace , $(\rho_{V}av)(V)\Gamma \mathrm{a}\mathrm{t}\subset$
${\rm Im}(\theta V.)=V$
.
$\otimes U$ , $(\rho_{v}a_{V})(V)\Gamma \mathrm{a}\mathrm{t}\subset V_{\mathrm{r}\mathrm{a}\mathrm{t}}.\otimes$
.
$U\text{ _{ } },$
$.\rho v.av$ ,
$V_{\mathrm{r}\mathrm{a}\mathrm{t}}$ U-comodule $\ddot{V}_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $V$ U-submodule , f : $Varrow W$ U-module
map , $f(V_{\mathrm{r}\mathrm{a}\mathrm{t}})\subset W_{\mathrm{r}\mathrm{a}\mathrm{t}}$ , $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $u^{\text{ }}\mathrm{M}$ $\mathrm{M}^{U}$
$V$ $U^{\mathrm{o}}$-module $V_{\mathrm{r}\mathrm{a}\mathrm{t}}=V$ , $V$ rational $\circ\dot{M}$ U-comodule ,
$M=\Phi M$ rational $\mathrm{i}\mathrm{d}_{M}$ : $M\cong M=(\Phi M)\mathrm{r}\mathrm{a}\mathrm{t}$ unit , $\Phi(V_{\mathrm{r}\mathrm{a}\mathrm{t}})-=VT\mathrm{a}\mathrm{t}^{\mathrm{c}}-\succ V$
counit $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $\Phi$ right adjoint $\Phi$ exact , unit Id $arrow(?)_{\mathrm{r}\mathrm{a}\mathrm{t}^{\mathrm{O}}}\Phi$
, $\Phi$ , $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ injectives
, proper k-Hopf algebra $U$ , U-comodule $M$ rational $U^{\mathrm{o}}$-module $M=$
$\Phi M$
$\circ$ Rational $U^{\mathrm{O}}$-module(s) submodule, factor module, tensor prod-
$\mathrm{u}\mathrm{c}\mathrm{t}$ , inductive limit rational $\circ V$ rational , $W$ rational ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, W)\cong W\otimes V^{*}$ rational $\circ$ Trivial $k$ rational $\circ$
Module algebra Comodule algebra [33]
$U$ k-Hopf algebra $\text{ }A$ U-module k-algebra , $A$ k-algebra ,
U-module , $m_{A}$ : $A\otimes Aarrow A$ $U$-linear ,
$u_{A}$ : $karrow A$ U-linear $A,$ $B$ U-module k-algebras , $\varphi$ : $Aarrow B$
U-module k-algebra map , $\varphi$ $U$-linear , $k$-algebra map
$A$ U-module algebra $\circ M$ $(U, A)$-module , $M$ U-module
A-module , $A\otimes Marrow M$ U-linear $M,$ $N$ $(U, A)-$
modules , $f$ : $Marrow N$ $(U, A)$-linear , $f$ U-linear A-linear




$A\# U$ $A\neq U$ $k$-vector space $A\otimes U$
$(a \otimes u)(b\otimes v)=\sum_{(u)}a(u_{(1)}b)\otimes u_{(2})v$
$(a, b\in A, u, v\in U)$
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$k$-algebra $Aarrow A\neq U(a\mapsto a\otimes 1),$ $Uarrow A\neq U(u\mapsto 1\otimes u)$
$k$-algebra map , $A\neq U$-module $U$-module A-module ,
, $(U, A)$-module $A\# u^{\mathrm{M}}arrow U,A\mathrm{M}$
, , $M$ $(U, A)$-module , $(a\otimes u)(m)=a(um)$ ,
$M$ $A\neq U$-module , $A\# u^{\mathrm{M}}$
$U,A\mathrm{M}$ , , $A\neq U$-module $(U, A)$-module
$k\neq U\cong U$ , $U,k\mathrm{M}\cong U\mathrm{M}$ .
$H^{0}(U, A)$ $A$ $k$-subalgebra , $H^{0}(U$, ? $)$ $U,A\mathrm{M}$ $H\mathit{0}(U,A)\mathrm{M}$
$B$ $U$-comodule $k$-algebra , $B$ k-algebra , U-comodule , $m_{B}$ :
$B\otimes Barrow B$ $\mathrm{U}$-comodule map $\circ$ U-comodule k-algebra map I U-
comodule map $k$-algebra map $M$ $(U, B)-\mathrm{H}\mathrm{o}_{\mathrm{P}}\mathrm{f}$ module
, $M$ $U$-comodule , $B$-module , $B\otimes Marrow M$ U-comodule map
$U$-comodule map $B$-module map map , abel $B\mathrm{M}^{U}$
$0$ , inductive limit $\circ$ $k$ trivial U-comodule algebra
, $k\mathrm{M}^{U}=\mathrm{M}^{U}$




, $B$ $U$-comodule algebra , $\Phi B=B$ $U^{\text{ _{}-}}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ algebra $\circ M$ $(U, B)-$
Hopf module , $M$ $(U^{\text{ }}, B)$ -module , $\Phi$ : $B\mathrm{M}^{U}arrow$
$U^{\circ},B\mathrm{M}$
$U$ proper , $A$ $U$ -module algebra , $A_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $A$ $k$-subalgebra , $A$
$U$-comodule algebra $\circ M$ $(U^{\text{ }}, A)$-module. , $M_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $(U,.A_{\mathrm{r}\mathrm{a}\mathrm{t}})- \mathrm{H}\mathrm{o}_{\mathrm{P}}\mathrm{f}$ module
, $(?.)\mathrm{r}\mathrm{a}\mathrm{t}:U^{\circ},A\mathrm{M}arrow A_{\mathrm{r}\mathrm{a}\mathrm{t}}\mathrm{M}^{U}$
$U$ proper , $B$ $U$-comodule algebra $(\text{ _{ } }, B=B_{\mathrm{r}\mathrm{a}\mathrm{t}}),$ $(?)_{\mathrm{r}\mathrm{a}}\mathrm{t}:_{U^{\circ},B}\mathrm{M}arrow$
$B\mathrm{M}^{U}$ $\Phi$ right adjoint , $\Phi$ ,, $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ injective object left
exact functor
28 $U$ proper , $B$ $U$-comodule algebra , $B\mathrm{M}^{U}$ ( enough injectives
$M\in B\mathrm{M}^{U}$ $\circ U^{\circ},B\mathrm{M}^{1}\cong B\# U^{\mathrm{o}}\mathrm{M}$ enough injectives , $\Phi M(-\succ I$ ,
$I$ $U^{\circ},B\mathrm{M}$ injective object $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ injective object ,
$M\cong(\Phi M)_{\mathrm{r}\mathrm{a}\mathrm{t}}arrow I_{\mathrm{r}\mathrm{a}\mathrm{t}}$ $M$ injective object .. $\cdot$
3Cocommutative Hopf algebra $\mathit{0}$) commutative al-
gebra
$U$ cocommutative Hopf algebra, $A$ commutative $U$-module k-algebra $\circ$
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$\otimes_{A}$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}$ $M$ $A\neq U$-module, $N$ $U$-module , $M\otimes N$
$(a \otimes u)(m\otimes n)=\sum_{(u)}a(u_{(}1)m)\otimes u_{(2)}.n(a\in A, u\in U, m\in..\cdot M,. n. .\in N)$
$A\neq U$-module $M$ $U$-module, $N$ $A\neq U$-module , $A$ $N$
, $A\neq U$-module $M\otimes N$ $M$ $N$ A#U-module
, $M\otimes N$ $A\# U$-module 2 , , $A$
$M$
$M,$ $N$ $A\neq U$-modules ,
$d$ : $M\otimes(A\otimes N)arrow M\otimes N$
$d(m\otimes a\otimes n)=am\otimes n-m\otimes an$ $\mathrm{A}\neq \mathrm{U}$-homomorphism , $M\otimes_{A}N=$
$\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}d$ A#U-module structure
$M$ $A\neq U$-module, $N$ $\mathrm{U}$-module , $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(M, N)$ A#U-module
( $U$ 14 , $A$ $M$ ) $M$ $U$-module $N$ A#U-module
, $A$ $N$ , $A\neq U$-module $M$ $N$ A#U-module
, $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(M, N)$ $A\neq U$-module 2 , $A$ $N$
$M,$ $N$ $A\neq U$-modules , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, N)$ $\mathrm{H}\mathrm{o}\mathrm{m}_{k}(M, N)$ A#U-submodule
$\mathrm{H}\mathrm{o}\mathrm{m}_{A}\# U(M, N)=\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, N)\cap \mathrm{H}\mathrm{o}\mathrm{m}_{U}(M, N)=H^{0}(U, \mathrm{H}\mathrm{o}\mathrm{m}A(M, N))$
’
$\varphi$ : $Aarrow B$ U-module algebra map ( $A,$ $B$ commutative )
$\varphi\neq U$ : $A\neq U=A\otimes Uarrow B\otimes U=B\neq U$
$\varphi\otimes \mathrm{i}\mathrm{d}_{U}$ , $k$-algebra map $\mathrm{B}\#\mathrm{U}$-module $A\neq U-$
module .. . . :
$Mp\searrow\backslash ^{\backslash }B\neq U$-module, $V\delta^{\grave{\grave{\mathrm{a}}}}A\neq U$-module $\mathit{0}$) $\text{ },$ $M\otimes_{A}V,$ $V\otimes_{A}M,$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, V)\text{ }0^{\backslash }$
$\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, M)$ $B\neq U$-module , $A\neq U$-module ,
$M,$ $N\phi^{\grave{\grave{\mathrm{a}}}}B\neq U$-modules, $V,$ $W\delta^{\grave{\grave{\mathrm{a}}}}A\# U$-modules $\mathit{0}$) $\text{ }$ , standard $\gamma_{X}$ maps
(3.1) $Marrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(A, M)$ $(m\mapsto(a\mapsto am))$
(3.2) $\circ:\mathrm{H}_{0}\mathrm{m}A(V, W)\otimes_{A}\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, V)arrow \mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M, \tau V’V)$
(3.3) $\circ:\mathrm{H}\mathrm{o}\mathrm{m}_{A}(W, M)\otimes_{A}\mathrm{H}\mathrm{o}\mathrm{m}A(\dot{V}, W)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, M)$
(3.4) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V\otimes_{A}W, M)\cong \mathrm{H}_{0}\mathrm{m}A(V, \mathrm{H}\mathrm{o}\mathrm{m}_{A}(W, M))$
(3.5) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M\otimes_{A}V, W)\cong \mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M, \mathrm{H}_{0}\mathrm{m}A(V, W))$
(3.6) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V\otimes_{A}M, W)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, \mathrm{H}\mathrm{o}\mathrm{m}A(M, W))$
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(3.7) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{B}(V\otimes_{A}M, N)\cong \mathrm{H}\mathrm{o}\mathrm{m}A(V, \mathrm{H}\mathrm{o}\mathrm{m}_{B}(M, N))$
(3.8) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{B}(M\otimes_{A}V, N)\cong \mathrm{H}\mathrm{o}\mathrm{m}B(M, \mathrm{H}\mathrm{o}\mathrm{m}A(V, N))$
(3.9) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M\otimes_{B}N, V)\cong \mathrm{H}\mathrm{o}\mathrm{m}B(M, \mathrm{H}\mathrm{o}\mathrm{m}A(N, V))$
(3.10) $M\otimes_{A}A\cong M\cong A\otimes_{A}M$
(3.11) $(M\otimes_{A}V)\otimes_{A}W\cong M\otimes_{A}(V\otimes_{A}W)$
(3.12) $\tau$ : $M\otimes_{A}V\cong V\otimes_{A}M$
(3.13) $Marrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, V),$ $V)$ (duality map)
(3.14) $M\otimes_{A}\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, W)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, M\otimes_{A}W)$
(3.15) $M\otimes_{B}\mathrm{H}\mathrm{o}\mathrm{m}A(V, N)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, M\otimes_{B}N)$
$M,$ $N,$ $V,$ $W$ natural $B\neq U$-homomorphisms $0$
$A=k$ $A=B$
(3.7), (3.8), (3.9) $H^{0}(U$, ? $)$ , natural isomorphisms
(3.16) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{B\# U}(V\otimes_{A}M, N)\cong \mathrm{H}_{\mathrm{o}\mathrm{m}}A\# U(V, \mathrm{H}_{0}\mathrm{m}B(M, N))$
(3.17) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{B\# U}(M\otimes_{A}V, N)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{B}\# U(M, \mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, N))$
(3.18) $\Psi$ : $\mathrm{H}\mathrm{o}\mathrm{m}_{A\# U}(M\otimes_{B}N, V)\cong \mathrm{H}_{\mathrm{o}\mathrm{m}}B\# U(M, \mathrm{H}_{0}\mathrm{m}A(N, V))$
,
3.19
1 $N$ B#U-injective, $M$ A-flat $\mathrm{H}\mathrm{o}\mathrm{m}_{B}(M, N)$ A#U-injective $\circ$
2 $N$ B#U-injective, $\sqrt[\tau]{}$ A-flat , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, N)$ B#U-injective $\circ$
3 $N$ B-flat, $V$ A#U-injective , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(N, V)$ B#U-injective $\circ$
4 $M$ B-projective, $V$ A#U-projective $V\otimes_{A}M$ B#U-projective $\circ$
$5M$ B#U-projective, $V$ A-projective , $M\otimes_{A}V$ B#U-projective
6 $N$ A-projective, $M$ B#U-projective , $M\otimes_{B}N$ A#U-projective
, $V$ $A\neq U$-projecive module , $V\otimes_{A}B$ B#U-projective $\circ$
, A#U-module $B\neq U\cong B\otimes_{A}(A\neq U)\underline{\simeq}(A\neq U)\otimes_{A}B$ ,
3.20 $B$ A-projective , B#U-projective module $A\neq U$-projective
, A#U-projective module U-projective
, 3.191 , $M=B$ ,
321 $B$ A-flat , B#U-injective module A#U-injective $\circ$ , $A\neq U-$
injective module U-injective $\circ$
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4 $\mathrm{T}\mathrm{o}\mathrm{r}^{A}$ $\in \mathrm{E}\mathrm{x}\mathrm{t}_{A}$
, $U$ cocommutative Hopf algebra, $\varphi$ : $Aarrow B$ commutative U-module
algebras U-module algebra map $\circ$
4.1 $\mathrm{A}\#\mathrm{U}$-projective module A-projective $\circ \mathrm{A}\#\mathrm{U}$-injective module A-
injective
. $A\neq U$ $A$-free $A$ $A\neq U$ $a(b\otimes u)=ab\otimes u$
, $U$ $X$ , $\{1\otimes x|x\in X\}$ $A\neq U$ $A$-free basis
.
Cofree A#U-module A-cofree , A#U-module $A\# U_{A\# U}$
$A$-free ($A$ $A\neq U$ center ,
) ,
$U\otimes Aarrow A\neq U=A\otimes U$
$(u \otimes. a\mapsto(1\otimes u)(a\otimes 1)=\sum_{(u)}u(1).a\otimes u_{(2)})$
, $a \otimes u\mapsto\sum_{(u)(1)}u\otimes(Su_{(2}))a$
$M,$ $N$ A#U-modules , A#U-module
$L_{i}(M\otimes_{A}?)(N)\cong L_{i}(?\otimes_{A}N)(M)$ (resp. $R^{i}\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M,$ $?)-(N)\cong Ri\mathrm{H}\mathrm{o}\mathrm{m}_{A}$ (?, $N)(M)$ )
, A-module Torj $(M, N)$ (resp. $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(M,$ $N)$ ) ,
, $A\neq U$-module
3.19 (3.7), (3.16) ,
42 $M,$ $N$ $B\neq U$-module, $M$ $A$-flat, $V$ $A\# U$-module , spectral
sequences
(4.3) $E_{2}^{p,q}=\mathrm{E}\mathrm{x}\mathrm{t}_{A}p(V, \mathrm{E}\mathrm{x}\mathrm{t}_{B}q(M, N))$ $\Rightarrow$ $\mathrm{E}\mathrm{x}\mathrm{t}_{B}^{p+q}(V\otimes_{A}M, N)$ (in $B\# U\mathrm{M}$)
(4.4) $E_{2}^{p,q}=\mathrm{E}\mathrm{X}\mathrm{t}^{p}(A\# U\mathrm{x}V, \mathrm{E}\mathrm{t}_{B}q(M, N))$ $\Rightarrow$ $\mathrm{E}_{\mathrm{X}\mathrm{t}_{B^{+}\# U}^{pq}}(V\otimes_{A}M, N)$ (in $H^{\mathit{0}}(U,B)\mathrm{M}$ )
, $M$ B-projective ,
(4.5) $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(V, \mathrm{H}_{0}\mathrm{m}B(M, N))$ $\cong$ $\mathrm{E}_{\mathrm{X}\mathrm{t}_{B}^{i}}(V\otimes_{A}M, N)$ (in $B\# U\mathrm{M}$)
(4.6) $\mathrm{E}\mathrm{x}\mathrm{t}^{i}(A\# U\mathrm{V}^{\gamma}, \mathrm{H}\mathrm{o}\mathrm{m}B(M, N))$ $\cong$ $\mathrm{E}\mathrm{x}\mathrm{t}_{B}^{i}\# U(V\otimes_{A}M, N)$ (In $H^{\mathit{0}}(U,B)\mathrm{M}$ )
spectral sequences $0$
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5Affine algebraic $k$-group scheme $G$ affine $k$-scheme $X$ $k$ $\circ$
, $H,$ $A$ $G,$ $X$ , $H$ $k$ $k- \mathrm{H}_{0}\mathrm{p}\mathrm{f}$ algebra
, $A$ $H$-comodule $k$-algebra , $G$ $A$
( ) , $A$ $G$-algebra $f$ : $Aarrow B$ $H- \mathrm{C}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{d}\dot{\mathrm{u}}\mathrm{l}\mathrm{e}$
algebra map , $f$ G-algebra map , $B$ $(G, A)$-algebra $0$
G-module , H-comodule , $(H, A)-\mathrm{H}\mathrm{o}_{\mathrm{P}}\mathrm{f}$ module
$(G, A)$-module , $A\mathrm{M}^{H}$ , $G,A\mathrm{M}$ $\mathrm{M}^{H}$
$c^{\mathrm{M}}$ $\mathrm{E}\mathrm{x}\mathrm{t}^{i}G\mathrm{M}’ H^{i}(\mathrm{M}^{H}$ , ? $)$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{G,A}^{i}\mathrm{M}$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{G}^{i},$ $H^{i}(G$ , ? $)$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{G,A}^{i}$
$H^{0}(G$ , ? $)$ $(?)^{G}$ , $G- \mathrm{i}_{\mathrm{I}1}\mathrm{V}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}$ $(G, A)$-module $A$ $(c, A)-$
submodule $\mathrm{G}$-ideal $I$ $A$ $\mathrm{G}$-ideal , $A/I$ $(G, A)$ -algebra
$U=H^{\mathrm{o}}$ $U$ cocommutative , $A\neq U$ ,
27 , $\Phi$ : $G,A\mathrm{M}^{1}arrow A\# U\mathrm{M}$ right adjoint
rational part functor $(?)_{\mathrm{r}\mathrm{a}\mathrm{t}}$ : $A\# u^{\mathrm{M}}arrow G,A\mathrm{M}$ $\circ(G, A)$-module
rational A#U-module – $\circ$
5.1 $n\geq 1,$ $G=\mathrm{G}_{m}^{n}$ $\mathrm{G}_{m}=GL_{1}(k)$ , $H=k[t_{1}^{\pm 1..\pm 1},., tn]$ ,
$\triangle_{H}(t_{i})=t_{i}\otimes t_{i}$ , $\lambda=(\lambda_{1}, \ldots, \lambda_{n})\in \mathbb{Z}^{n}$ , $t^{\lambda}=t_{1}^{\lambda_{1}.\lambda_{n}}..t_{n}$
\triangle H $(t^{\lambda})=t^{\lambda}\otimes t^{\lambda}$ , $k$-coalgebra $H=\oplus_{\lambda\in \mathbb{Z}^{n}}k\cdot t^{\lambda}$
, $G$-module $V$ $V=\oplus_{\lambda}V_{\lambda}$ ,
$V_{\lambda}=\{v\in V|\omega_{V}(v)=v\otimes t^{\lambda}\}$ $V,$ $W$ $G$-modules , $f$ : $Varrow W$ k-linear
map , $f$ $G$-homomorphism , $f(V_{\lambda})\subset W_{\lambda}(\lambda\in \mathbb{Z}^{n})$
, G-module , $\mathbb{Z}^{n}$-graded vector space $0$ , $G$
$k$-algebra $A$ , $\mathbb{Z}^{n}$ -graded $k$-algebra , $(G, A)$ -module , graded
A-module $\circ$
A-finite $(G, A)$-modules $G,A\mathrm{M}^{1}$ full subcategory $\text{ _{}G,A}\mathrm{M}_{f}$ $\circ$
G-modules $c^{\mathrm{M}}$ full subcategory $G,k\mathrm{M}f\text{ _{}G}\mathrm{M}_{f}$ $\circ$ A\otimes V, $V\in c^{\mathrm{M}^{1}}$ (resp.




1 $G,A\mathrm{M}$ $Farrow M$ , $F$ pure free module , $M$
$(G, A)- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{F}arrow M$ , pure free
2 $M$ A-finite , $F$ pure finite free module $0$ , ,
.
$A$ noetherian , $M$ $(G, A)- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{F}arrow M$ , pure finite free
module
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1 , $A$-action $F=A\otimes Marrow M$
2 $M$ , $M$ G-
submodule $\dot{M}_{0}$ $F=A\otimes M_{0}arrow A\otimes Marrow M$
53 $M,$ $N$ rational $A\# U$-module , $A\neq U$-modules ra-
tional $\circ M$ submodule factor module, Torj $(M, N)$ . $M$ $A$
$A$ noetherian $\mathrm{E}_{\mathrm{X}\mathrm{t}_{A}^{i}}(M, N)$ rational ( $A$ noether ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, N)$ rational) $V$ rational $U$-module , $M\otimes V$ rational. $V$
$\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, N)$ rational. Rational module inductive limit rational
, $A$ noetherian , $I$ $A$ $G$-ideal , local cohomology $H_{I}^{i}(M)$
rational
Non-trivial $\mathrm{T}\mathrm{o}\mathrm{r}$ $\mathrm{E}\mathrm{x}\mathrm{t}$ $H_{I}^{i}(M)^{\text{ }}.\text{ _{}0}$ , rational A#U-modules
subquotient , $(G, A)$ -module complex $(\mathrm{c}\mathrm{o}-.).\mathrm{h}_{0}\mathrm{m}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ rational
:.
$\mathrm{T}\mathrm{o}\mathrm{r}$ 521 resolution $\mathrm{F}$ $A\# u^{\mathrm{M}}$ $?\otimes_{A}N$-acyclic $(G, A)$-module reso-
.
lution
$\mathrm{E}\mathrm{x}\mathrm{t}$ , 522 resolution $A\# u^{\mathrm{M}}$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(?, N)$-acyclic ,
pure $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{f}\prime \mathrm{r}\mathrm{e}\mathrm{e}$ $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}-$ , $i=0,$ $M=A\otimes V$ pure finite free
, $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(A\otimes V, N)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, N)$ rational ($i=0$ , $A$
noether ) . . ’ :. $\cdot$
$H_{I}^{i}(M) \cong\lim \mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}.(A/In, M)$ rat.ional module inductive limit , $.H_{I}^{i}(M)$
rational
’
$f$ : $Aarrow B$ $G$-algebras $G$-algebra map $G,A\mathrm{M},$ $G,B\mathrm{M}$
$A\# u\mathrm{M},$ $B\neq\not\in U\mathrm{M}$ full-subcategory ,
54 $M,$ $N\in G,B\mathrm{M},$ $V\in G,A\mathrm{M}$ ,
1 $N$ $(G, B)- \mathrm{i}\mathrm{n}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e},$ $M$ B-finite A-flat $\mathrm{H}\mathrm{o}\mathrm{m}_{B}(M, N)$ $(.G, A)$ -inject
$\backslash \cdot$
ive
$\circ$ , $B$ A-flat , $(G, B)$ -injective module $(G, A).$ -,inje.C$\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}.\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$
2 $N$ $(G, B)$-injective, $V$ $A$-finite flat , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(V, N)$ $(G, B)$-injective
3 $N$ $\mathrm{B}$-flat A-finite, $V$ $(G, A)$ -injective , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(N, V)$ $(G, B)$-injective
5.5 $M,$ $N$ $(G, B)$ -modules, $V$ $(G, A)$-module ,
1 $M$ B-finite projective A-flat ,
$\mathrm{E}\mathrm{x}\mathrm{t}_{c}^{i},(BV\otimes_{A}M, N)\cong \mathrm{E}\mathrm{x}\mathrm{t}_{c,A}^{i}(V, \mathrm{H}_{0}\mathrm{m}B(M, N))$ .
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2 $V$ A-finite projective ,
$\mathrm{E}\mathrm{x}\mathrm{t}_{c}^{i},(BM\otimes_{A}V, N)\cong \mathrm{E}\mathrm{x}\mathrm{t}^{i}(c,BM, \mathrm{H}\mathrm{o}\mathrm{m}A(V, N))\cong \mathrm{E}_{\mathrm{X}}\mathrm{t}_{G}^{i},(BM, N\otimes_{A}\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(V, A))$
1 , $M$ $B$-projective , Spectral sequence
, $\mathrm{H}\mathrm{o}\mathrm{m}_{B}(M$, ? $)$ $\mathrm{E}\mathrm{x}\mathrm{t}_{B}^{i},(\mathrm{r}\mathrm{a}\mathrm{t}M, ?)$ $i=0$ , ( )
$\mathrm{E}_{\mathrm{X}\mathrm{t}_{B}^{i}}(M, ?)$ $G,B\mathrm{M}$ , $(G, B)$ -injective module B-injective
, $M$ $B$-projective , $i>0$
2
6 Graded algebra
, $A$ $k$ positively graded $k$-algebra
, , (graded
version ) , [18].
, [7] references
$A=\oplus_{i\in \mathbb{Z}}A_{i}$ graded , $G$ $A$
$A_{i}$ $A$ $G$-submodule , $A$ $\mathbb{Z}$-graded
$A$ $\mathrm{G}_{m}$ , $\mathrm{G}_{m}$ $G$ compatible , $A$
$\tilde{G}:=\mathrm{G}_{m}\mathrm{X}c$ inclusion $\mathrm{G}_{m}arrow\tilde{G}$ center
, $G$ $\mathrm{G}_{m}\subset Z(G)$
, ,
G-module $\mathrm{G}_{m^{-}}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ , $\mathbb{Z}$-graded , ,
, $G$ $k$-algebra $A$ , $A$ graded
k-algebra , $(G, A)$ -module $(\mathrm{G}_{m}, A)$ -module , $A$-graded $M$
$(G, A)$-module $M=\oplus_{i}M_{i}$ , $\mathrm{G}_{m}\subset Z(G)$ $M_{i}$ $M$ $G$-submodule
, $A=\oplus_{i\in \mathbb{Z}}A_{i}$ $G$ commutative k-algebra , $A$ $k$
$k$-algebra $A$ , $G$-algebra
$S$ , $G$-ideal $I$ quotient $S/I$ , $A$ $l$
, $Q=A_{1}\oplus\cdots\oplus A_{l}$ , $S=\mathrm{S}\mathrm{y}\mathrm{m}Q$ $I$
map $Sarrow A$ kernel $\circ$
, $S,$ $I$ , $A=S/I$
6.1 $M,$ $N\in G,A\mathrm{M}f$ , $\dim_{k}\mathrm{H}\mathrm{o}\mathrm{m}_{G},A(M, N)<\infty(i\geq 0)$
submodule ,
52 , $M=A\otimes V$ pure finite free module $V=V_{s}\oplus\cdots\oplus V_{t}$
$(s\leq t)$ $s,$ $t\in \mathbb{Z}$ , ,
$\mathrm{H}\mathrm{o}\mathrm{m}c,A(A\otimes V, N)\cong \mathrm{H}\mathrm{o}\mathrm{m}G(V, N)\subset \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{G}_{m}}(V, N)=\bigoplus_{i=s}$ Homk ( $V_{i}$ , Ni)
84
$V_{i}$ , Ni , $\mathrm{H}\mathrm{o}\mathrm{m}_{G,A}(A\otimes V, N)$ .
62 $M\in G,A\mathrm{M}f$ , $\mathrm{E}\mathrm{n}\mathrm{d}_{G,A}(M)$ $k$-algebra , $G,A\mathrm{M}f$
Krull-Schmidt
, $\mathfrak{m}=\mathfrak{m}_{A}=\oplus_{i>0}A_{i}$ $\mathfrak{m}$ $A$ G-ideal
6.3 $M$ $(G, A)$-module , A-module cyclic , $\Lambda_{M}:=M/\mathfrak{m}M$ $G$
1 , $A$ $G$-ideal $I$ $M\cong A/I\otimes\Lambda_{M}$
$M=\oplus_{i\geq s}M_{S},$ $M_{s}\neq 0$ , $\Lambda_{M}\cong M_{s}$ $G$ 1
, $M$ $M\otimes\Lambda_{M}^{*}$ , $\Lambda_{M}=k$ ,
$A\cong A\otimes M_{\text{ }}arrow A\otimes Marrow M$ $(G, A)- \mathrm{e}_{\mathrm{P}^{\mathrm{i}\mathrm{r}}}\mathrm{m}\mathrm{o}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}}\mathrm{m}$ , kernel $I$ G-ideal
$\square$





component) , $F$ filtration
$F=F^{[t]}\supset F^{[t-1]}\supset\cdots\supset F^{[s]}\supset F^{[\text{ }-}1]=0^{\cdot}$
, $F^{[i]}/F^{[i-1]}\cong A\otimes V_{i}(s\leq i\leq t)$ unique $F$
filtration $F$ degree-pure free filtration (DPF filtration)
$(\mathrm{G}_{m}, A)$-module , $F^{i}$ $F$ degree $i$ part $\oplus_{j\leq i}F_{j}$
submodule unique - , $\oplus_{j\leq i}.F_{j}$ $F$ G-submodule
,
, DPF module , $A\otimes V$ , $V$ degree – concentrate
6.5 $(G, A)$ -module $E$
1A-module , $k$ A-injective hull
2 $\mathrm{H}\mathrm{o}\mathrm{m}_{G,A}(k, E)\cong k$
unique , $E’$ 1 , A $=$
$\mathrm{H}\mathrm{o}\mathrm{m}_{A}(k, E’)$ $G$ 1 , $E’\cong E\otimes\Lambda$ $E$ $E_{A}(k)$
$\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(?, E)$ $(?)^{\star}$
$E=H_{\mathrm{m}}^{0}(A*) \cong\lim(A/\mathfrak{m}^{n})^{*}$ , $A^{*}$ $A$-injective ,
$E$ $\mathfrak{m}$ support $A$-injective module ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{A}(k, E)=\lim \mathrm{H}\mathrm{o}\mathrm{m}_{A}(k, \mathrm{H}\mathrm{o}\mathrm{m}_{k}(A/\mathfrak{m}^{n}, k))=\lim \mathrm{H}\mathrm{o}\mathrm{m}_{k}(k\otimes_{A}A/\mathfrak{m}^{n}, k)=k$
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, 1, 2
, , $E’$ 2 $\Lambda\cong k$ , $E’\cong E$
, $E$ – , , $E’$ $E’\otimes\Lambda^{*}$ ,
$\Lambda\cong k$
$E_{n}’:=[0:\mathfrak{m}^{n}]_{E}’=\mathrm{H}\mathrm{o}\mathrm{m}_{A}(A/\mathfrak{m}^{n}, E’)$ A-artinian $(G, A)$-module , $(?)^{\star}\cong$
(?)* {E $(’?)^{\star}$ , $\{(E_{n}’)^{\star}\}$ , Matlis
duality , $(E_{n}’)^{\star}$ A-module $(A/\mathfrak{m}^{n})^{\star\star}\cong A/\mathfrak{m}^{n}$
63 , $A$ quotient , $\{A/\mathfrak{m}^{n}\}$ $(G, A)$ -module
, {E $\{(E_{n}’)\star\star\}\cong\{(A/\mathfrak{m}^{n})^{\star}\}$ – , $E’ \cong\lim E_{n}’\cong$
$\lim(A/\mathfrak{m}^{n})^{*}\cong E$
66Bounded A#U-complex $R$ , , quasi-isomorphism
–
1 $R$ A-complex dualizing
2 $H_{\mathrm{m}}^{0}(R)\cong E_{A}(k)$ ( hyper cohomology)
1 , degree shifting , 1 quasi-isomorphism
unique
$A=S$ $S$ $A\neq U$-injective resolution $I$ , $I$
truncate , $S$ $A\neq U$-resolution , bounded $A$-injective ,
$I’$ 1 $I’$ 6.5 , degree shifting
1 2 , $R=R_{S}$
, $R=R_{A}=\mathrm{H}_{\mathrm{o}\mathrm{m}_{S}}(A, Rs)$
, $R’$ 1
Duality map $R’arrow \mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathrm{z}}}(4\mathrm{H}\mathrm{o}\mathrm{m}_{A}(R’, R),$ $R)$ A#U-complex quasi-isomorphism
63 , $\mathrm{H}\mathrm{o}\mathrm{m}_{4}.(R’, R)$ $A$ degree shift , 1
quasi-isomorphic , $R$ A-injective complex , $\circ$
66 $R$ $R_{A}$ , G-normalized dualizing complex $\circ$ Duality map
A#U-quasi isomorphism ,
67 $M\in_{G,A}\mathrm{M}_{f}$ , duality isomorphism
$H_{\mathrm{m}}^{i}(M)\cong \mathrm{E}_{\mathrm{X}}\mathrm{t}_{A}^{d-i}(M, RA)^{\star}$
$(G, A)$-isomorphism $\circ$
, $A$ $d$ , $S$ $n$ ( $Q$ $n$ ), , $h=n-d$ $H^{-d}(R_{A})$
$K_{A}$
68 $K_{S}\cong S\otimes\wedge^{n}Q$ , $K_{A}\cong \mathrm{E}\mathrm{x}\mathrm{t}_{s}(hA, K_{S})$
86
. $K_{S}\cong S\otimes\Lambda$ , A 1 $k\cong \mathrm{E}\mathrm{x}\mathrm{t}_{S}^{n}(k, Ks)$
.
$\cong \mathrm{E}\mathrm{X}\mathrm{t}ns(k, S)\otimes\Lambda$
, $\mathrm{E}\mathrm{x}\mathrm{t}^{n}(Ssk,)\cong(\wedge^{n}Q)^{*}$ , Koszul complex
$0arrow.$
.S $\otimes$. $\wedge^{n}Qarrow\cdotsarrow S\otimes Qarrow Sarrow karrow 0$.
$k$ pure free resolution ,
, $R_{S}$ $K_{S}$ $A$-injective $\mathrm{S}\#\mathrm{U}$-resolution $n$ shift ,
69 $A$ Cohen-Macaulay , $(G, A)$ -module $K$ A-module
$K_{A}$ , $K\cong K_{A}\otimes \mathrm{E}_{\mathrm{X}\mathrm{t}_{A}^{d}}(k, K)$
63 ,
$K\cong \mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(\mathrm{H}\mathrm{o}\mathrm{m}_{A}(K, KA),$ $KA)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{A}(A\otimes\Lambda^{*}, K_{A})\cong K_{A}\otimes\Lambda$ ,
A 1 $\mathrm{E}_{\mathrm{X}\mathrm{t}_{A}^{d}}.(k, K. )\cong \mathrm{E}\mathrm{x}\mathrm{t}_{A}^{d}(.k, KA)\otimes\Lambda\cong \mathrm{A}$ ,
: , $-‘$ ,
7 Approximation
, Auslander Approximation theory $\circ$ $C,$ $C’$
$F:Carrow C’$ $C$ full-subcategory $S$ , $S\in S$ $F(S)$
$C’$ object full-subcategory $F(S)$ .
.
$C$ , $C$ null object – , null object $0$ ,
$A$ abelian category , $A$ morphism $p:Marrow N$ right minimal
, $\varphi\in \mathrm{E}\mathrm{n}\mathrm{d}_{A}(M)$ , $p\varphi=p$ \mbox{\boldmath $\varphi$} Left
minimal right minimal dual notion , $A^{\mathrm{o}\mathrm{p}}$ right minimal
$A$ morphism left minimal $\circ \mathcal{X}$ $A$ full subcategory $\circ A$
morphism $f$ : $Xarrow M$ $M$ right $\mathcal{X}$-approximation , $X’\in \mathcal{X}$
$g\in A(X’, M)$ , $h\in A(X’, X)$ $fh=g$
, $A(?, f)$ ; $A(?, x)arrow A(?.M)\ovalbox{\tt\small REJECT}$ $\mathcal{X}$ functor epimorphism
$\circ \mathrm{L}\mathrm{e}\mathrm{f}\mathrm{t}$ $\mathcal{X}$-approximation dual Right (resp. left) minimal
right (resp. left) $\mathcal{X}- \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ right (resp. left) minimal $\chi_{- \mathrm{a}_{\mathrm{P}\mathrm{P}}}\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$
$\mathrm{o}M$ right minimal $\mathcal{X}$-approximation , ( ) $A/M$ object
unique
$A$ right (resp. left) (minimal) $\mathcal{X}_{- \mathrm{a}\mathrm{p}}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ , $M\in A$
, $M$ right (resp. left) (minimal) $\mathcal{X}_{-\mathrm{a}_{\mathrm{P}\mathrm{P}^{\mathrm{r}}}}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ $\circ$
(Minimal) approximation Enough projectives
enough injectives $A$ $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}$ , [31]
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7.1
$0arrow Yarrow Xarrow Miparrow 0$
$A$ , $X\in \mathcal{X}$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{1}(\mathcal{X}, K)=0$ , $P$ $M$ right $\mathcal{X}$-approximation
$X’\in \mathcal{X}$ ,
$A(X’, x)arrow A(X’, M)arrow \mathrm{E}\mathrm{x}\mathrm{t}_{A}^{1}(X, K)=0$
,
72 $A$ abelian category, $p:Marrow N$ $A$ morphism 2
1 $p$ right minimal
2 $i:Karrow M$ $f$ kernel , $i$ $K$ $M$
, $1\Rightarrow 2$ , $\mathrm{E}\mathrm{n}\mathrm{d}_{A}(M)$ right artinian $2\Rightarrow 1$
$1\Rightarrow 2$ , $E=\mathrm{E}\mathrm{n}\mathrm{d}_{A()}M$ , $\varphi\in E$ $p\varphi=p$
, $E$-module $E_{E}$ $\varphi\in E=\mathrm{E}\mathrm{n}\mathrm{d}_{E}(E_{E})$ , Fitting’s lemma [34]
, $E$ $e$ , $\varphi(eE)\subset eE,$ $\varphi((1-e)E)\subset(1-e)E$ , $\varphi|_{eE}$
, $\varphi|_{(1-e}$ ) $E$ $\varphi^{n}e=0$ , $p(eM)=(p\varphi^{n})(eM)=0$ , $eM$ $i$
$K$ $M$ , $e=0$ , $\varphi\in E$ invertible
$\square$
73 $\mathcal{X}$ $A$ direct summand full subcategory, $A$ object endomorphism
ring right artinian , $M\in A$ right (resp. left) $\mathcal{X}$-approximation
, $M$ right (resp. left) minimal $\mathcal{X}$-approximation unique
$A$ Krull-Schmidt , right $\mathcal{X}- \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$
$0arrow Karrow Xarrow Mip$
, $i$ $K$ $X$ direct summand
, 2 , –
Left approximation
Auslander-Buchweiz [4] , Cohen-Macaulay approximation
, $\triangle$-good approximation $\mathcal{X}$ $A$ full
subcategory $0\in \mathcal{X}$ $M\in A$ ,
$0arrow X_{r}arrow\cdotsarrow X_{1}arrow X_{0}arrow Marrow 0$ $(r\geq 0)$
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$r$ $M$ $\mathcal{X}$-resolution $\circ$ $\mathcal{X}$-resolution $A^{\mathrm{t}}$
object $M\in A$ , $M\not\in\hat{\mathcal{X}}$ , $\mathcal{X}- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}.\dim(M)=\infty$ ,
$M\in \mathcal{X}$ , $r$ $M$ $\mathcal{X}$-resolution $r$ $\mathcal{X}$ -resol. $\mathrm{d}\mathrm{i}^{i}\mathrm{m}(M)$
. $\cdot$ :. .:.$\cdot$ .
$\omega\subset \mathcal{X}$ $\mathcal{X}$ cogenerator , $X\in \mathcal{X}$ ,
$0arrow Xarrow Tarrow X’arrow 0$





7.4 (Auslander-Buchweiz) $A$ abelian category
ABI $\mathcal{X}$ extension kernel $A$ additive full-subcategory
$=A$.
AB2 $\mathcal{Y}$ cokernel extension $A$ additive
$...\mathrm{f}\mathrm{u}\mathrm{l}\mathrm{l}.-\mathrm{s}\dot{.},\mathrm{u}\mathrm{b}_{\mathrm{C}\mathrm{a}\mathrm{t}}.\mathrm{e}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{y}.$
,




2 $\omega’\subset\omega$ , $\omega’$ $\mathcal{X}$ cogenerator , $\omega’=\omega$ .
3 $M\in A$ ,
$\mathrm{i}$ ( $\mathcal{X}- \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ ) $A$
$0arrow Yarrow Xarrow Mparrow 0$
, $X\in \mathcal{X},$ $Y\in \mathcal{Y}$
ii ( $\mathcal{Y}$-hull ) $A$
$0arrow M\iotaarrow Yarrow Xarrow 0$
, $X\in \mathcal{X},$ $Y\in \mathcal{Y}$
4 $M\in A$ ,
$\mathrm{i}M\in \mathcal{X}$ $\dot{\mathrm{r}}\mathrm{i}\mathrm{E}\mathrm{x}\mathrm{t}Ai(M, y)=0(i>0)$
$\mathrm{i}\mathrm{i}’ \mathrm{E}\mathrm{x}\mathrm{t}_{A}^{1}(M, y)=0$ . $\mathrm{i}\mathrm{i}\mathrm{i}\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(M, \omega)=0(i>0)$
, 3, $\mathrm{i}$ $p$ $M$ right $\mathcal{X}$-approximation
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5 $M\in A$ ,
$\mathrm{i}M\in \mathcal{Y}$ $\mathrm{i}\mathrm{i}\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(\mathcal{X}, M)--0(i>0)$ $\mathrm{i}\mathrm{i}’ \mathrm{E}\mathrm{x}\mathrm{t}_{A()}^{1}\mathcal{X},$$M=0$
, 3, ii $\iota$ $M$ left $\mathcal{Y}$-approximation
6 $M\in A$ ,
$\mathcal{X}- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}.\dim(M)=\sup(\{i|\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(M, y)\neq 0\}\cup\{0\})=\sup(\{i|\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(M, \omega)\neq 0\}\cup\{0\})$
7 $Y\in \mathcal{Y}$ , $\omega- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}$ dim(Y) $=\mathcal{X}- \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}.\dim(Y)$ $\circ$
[4], [5] 2 $\mathrm{i}$ ( $\mathcal{X}$-approximation ) mini-
mality , right $\mathcal{X}- \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}p$ minimality 2ii ( $\mathcal{Y}$-hull
.
) minimality , left $\mathcal{Y}$-approximation $\iota$ minimality
ABI-AB4 , $(\mathcal{X}, \mathcal{Y})$ $A$ AB-context
8 Reductive
reductive
, [24], [38], [25] [20]
survey
$G$ k-split $\text{ }$ reductive $G$ $k$-split maximal torus $T$ , $T$
$k$ $G$ Borel subgroup $B$ , $B$ negative Borel
positive roots $X=X(\tau)$ $T$ weight , $X^{+}$ $G$ dominant weight
$W=N_{G}(T)/T$ $G$ Weyl , $w_{0}$ $W$ Weight $\lambda$
$B$ 1 $k_{\lambda}$ $\lambda\in X^{+}$ , heighest weight $\lambda$ induced module
$\mathrm{i}\mathrm{n}\mathrm{d}_{B}^{c_{(}}k_{\lambda})\not\in:\nabla(\lambda)\text{ }\backslash$ , heighest weight $\lambda \text{ }$ Weyl module (Verma module) $\nabla(-w_{0}\lambda)^{*}\not\in$:
$\triangle(\lambda)$ $\nabla(\lambda)$ socle $\triangle(\lambda)$ top , $L(\lambda)$ ,
$\{L(\lambda)|\lambda\in X^{+}\}$ $G$
$A$ abelian category, $\mathcal{X}$ $A$ (small ) subset $M\in A$
$\mathcal{X}$-filtration , $M$ ﬄtration
$M=M_{0}\supset M_{1}\supset\cdots\supset M_{r}=0$
, $i=1,$ $\ldots,$ $r$ $X_{i}\in \mathcal{X}$ $M_{i-1}/M_{i}\cong\lambda_{i}^{7}$
$\mathcal{X}$-filtration $A$ object $\mathcal{F}(\mathcal{X})$ , $F(\mathcal{X})$ $0$
, extension $\mathcal{F}(\mathcal{X})$ object ltered inductive system
inductive limit $A$ object $F^{*}(\mathcal{X})$ $\circ$
$\triangle=\triangle_{G}:=\{\triangle(\lambda)|\lambda\in X^{+}\},$ $\nabla=\nabla_{G}:=\{\nabla(\lambda)|\lambda\in X^{+}\}$ $\mathrm{o}M\in c^{\mathrm{M}}$
$\mathcal{F}(\triangle)$ (resp $\mathcal{F}(\nabla),$ $\mathcal{F}^{*}(\nabla)$ ) $\triangle$-good(resp. $\nabla-\mathrm{g}\mathrm{o}\mathrm{o}\mathrm{d}$ , good) $\circ$.




1 $G$ $H$ good , $\lambda\in X^{+}$
$\dim_{k}\triangle(\lambda)=\dim_{k}\nabla(\lambda)=\mathrm{H}\mathrm{o}\mathrm{m}_{G}(\triangle(\lambda), H)<\infty$
2 $V\in c\mathrm{M}_{f}$ , $V\in \mathcal{F}(\triangle)\Leftrightarrow V^{*}\in \mathcal{F}(\nabla)$ .
3 $V\in c\mathbb{M}$ ,
1. $V$ good
2. $\mathrm{r}\mathrm{e}\mathrm{s}_{[c]}^{G}G,(V)$ good $[G, G]- \mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ , , $[G, G]$ $G$ derived subgroup.
3. $\lambda\in X^{+}$ , $\mathrm{E}_{\mathrm{X}\mathrm{t}_{G}^{1}}(\triangle(\lambda), V)=0$
4. $X\in F(\triangle)$ , $\mathrm{E}\mathrm{x}\mathrm{t}^{i}(Gx, V)=0(i>0)$
4. $G$ 1 tilting
5 $V\in c^{\mathrm{M}}$ , $V\in \mathcal{F}(\nabla)$ $\Leftrightarrow$ $V\in F^{*}(\nabla)$ $\dim_{k}V<\infty$ $\mathcal{F}(\nabla)$
$.\backslash \cdot \mathcal{F}^{*}(\nabla)$ , extension cokernel $\circ$ .. . .. $\cdot$ .$\cdot$
6 $V,$ $W\in \mathcal{F}(\triangle)$ (resp. $F(\nabla),$ $F^{*}(\nabla)$ ) , $V\otimes W\in \mathcal{F}(\triangle)$ (resp. $\mathcal{F}(\nabla),$ $\mathcal{F}^{*}(\nabla)$ )
7 $(\mathcal{F}(\triangle), \mathcal{F}(\nabla))$ $c^{\mathrm{M}_{f}}$ AB-context
good module , S. Donkin ( $\mathrm{N}$ inductive limit
.
module with good filtrations , [11], [12] )
, , 1 , [25, p.251], [27] 2
3 , [12, $\mathrm{p}.36|,$ [ $25$ , P.239], [17]
, [17] $V$ good $k$ ( ) S. Donkin.
good filtration 4 $k$ tilting , 1
dual 1 , 1 $[G, G]$ trivial
5 6 [32] 7 , 1-5 modulo
, C. M. Ringel quasi-hereditary algebra approximation [35]
Quasi-hereditary algebra reductive [13], [20]
$c^{\mathrm{M}_{f}}$ object endomorphism ring $k$ , $c^{\mathrm{M}_{f}}$ right minimal
$\mathcal{F}(\triangle)- \mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ left minimal $\mathcal{F}(\nabla)- \mathrm{a}_{\mathrm{P}\mathrm{p}\mathrm{n}}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}$ $F$.
$(\triangle)-\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$
$\triangle- \mathrm{g}_{\mathrm{o}\mathrm{O}}\mathrm{d}$ approximation, $\mathcal{F}(\nabla)$-hull $\nabla$-good hull
Ringel
82 $\lambda\in X^{+}$ $M\in G\mathrm{M}f$ ,
1 Right minimal $\mathcal{F}^{\cdot}(\triangle)- \mathrm{a}_{\mathrm{P}\mathrm{P}}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}Marrow\nabla(\lambda)$ $\circ$
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2Left minimal $\mathcal{F}(\nabla)-\mathrm{a}\mathrm{p}\mathrm{P}^{\mathrm{r}\mathrm{o}\mathrm{x}}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\triangle(\lambda)arrow M$ $\circ$
$3M$ tilting, indecomposable , heighest weight $\lambda$
$M$ ( unique ) S. Donkin [15] ,
partial tilting module of heighest weight $\lambda$ , $T(\lambda)$
8.3 (Ringel) $G$ tilting module ( ) $T(\lambda)$
84 $V,$ $W\in c\mathrm{M}_{f}$ , $c\mathrm{M}_{f}$ $Parrow V$ , $P\in \mathcal{F}(\triangle)$
$\mathrm{E}\mathrm{x}\mathrm{t}_{G}(iP, W)=0(i>0)$
$M\in c^{\mathrm{M}_{f}}$ , $V\oplus W$ dominant weights saturated subset $\pi$
Schur algebra $S(\pi)$ $V$ projective cover $Parrow V$ , $P\in F(\triangle)$
,
$\mathrm{E}\mathrm{x}\mathrm{t}_{c}^{i}(P, W)\cong \mathrm{E}\mathrm{x}\mathrm{t}^{i}s(\pi)(P, W)=0$ $(i>0)$
([13], [20] )
9 Reductive Cohen-Macaulay approx-
imation
, 6 $\mathrm{G}_{m}\subset Z(G)\subset G,$ $A=S/I$
, $G$ reductive
9.1 $M,$ $N\in G,A\mathrm{M}f$ , $X\in A\otimes \mathcal{F}(\triangle_{G})$ $Xarrow M$ ,
$\mathrm{E}\mathrm{x}\mathrm{t}_{G,A}^{i}(X, N)=0(i>0)$
$M=A\otimes V$ DPF $V=V_{s}\oplus\cdots\oplus V_{t}(s\leq t)$ , $W=$
$N_{s}\oplus\cdot\cdot\cdot\oplus N_{t}$ 84 , $Parrow V$ , $P\in$
$\mathcal{F}(\triangle c)$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{G}^{i}(P, W)=0(i>0)$ $P$ $P_{s}\oplus\cdots\oplus P_{t}$ ,
$P=P_{s}\oplus\cdots\oplus P_{t}$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{G}^{i}(P, N_{j})=0(i>0, i\not\in[s, t])$
- , $\mathrm{E}\mathrm{x}\mathrm{t}^{i}(GP, W)=0(i>0)$ , $\mathrm{E}\mathrm{x}\mathrm{t}^{i}(GP, N)=0(i>0)$ ,
$\mathrm{E}_{\mathrm{X}}\mathrm{t}_{G,A}^{i}(A\otimes P, N)\cong \mathrm{E}\mathrm{x}\mathrm{t}^{i}G(P, \mathrm{H}_{0}\mathrm{m}A(A, N))=0$ $(i>0)$
$A\otimes Parrow A\otimes V=M$ , $X=A\otimes P$
92 $M,$ $N\in G,A\mathrm{M}f$ , $\mathrm{E}_{\mathrm{X}\mathrm{t}_{G,A}^{i}}(M, N)$
92
9.1 , $M$ resolution $\mathrm{F}$ , $\mathrm{F}$ $\mathrm{E}_{\mathrm{X}\mathrm{t}_{c}^{j}},(AFi, N)=0$
$(j>0),$ $Fi\in A\otimes \mathcal{F}(\triangle)$ $N$ $(G, A)$-injective resolution II ,
$\mathrm{E}_{\mathrm{X}\mathrm{t}_{c}^{l}},(AM, N)\cong H^{\iota}(\mathrm{H}\mathrm{o}\mathrm{m}c,A(M, \mathrm{I}\mathrm{I}))\cong Hx(\mathrm{H}\mathrm{o}\mathrm{m}_{G,A}(\mathrm{F}, \mathrm{I}\mathrm{I}))\cong H^{\mathrm{t}}(\mathrm{H}_{0}\mathrm{m}G,A(\mathrm{F}, N))$






93 $M,$ $N\in G,A\mathrm{M}f$ , $\mathrm{E}_{\mathrm{X}\mathrm{t}_{G,A!}^{i}}(\mathrm{M}M, N=)arrow \mathrm{E}_{\mathrm{X}\mathrm{t}_{G,A}^{i}}(M, N)$ $i\geq 0$
’.
$- G,A\mathrm{M}f$ enough projectives enough injectives (
) $G$ reductive $A$ positively graded
full $A=k$ ,
, $A$ Cohen-Macaulay $\circ$
$A$-finite $(G, A)$-module , $G$-module good $\mathcal{G}$
:
o A-
module maximal Cohen-Macaulay module $(G_{J}.A)$ -module
$\mathcal{M}$
94 $M\in G,A\mathrm{M}f$ Check-good Maximal Cohen-Macaulay module (CGMCM)
, $M$ Maximal Cohen-Macaulay A-module , canonical dual $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})$
(G-module ) good , $N\in G,A\mathrm{M}f$ Tilt-good module of
finite injective dimension (TGMFID) , $N$ A-module of finite injective
dimension , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(KA, N)$ good $\circ$
CGMCM $\mathcal{X}=\mathcal{X}(G, A)$ , TGMFID $\mathcal{Y}=\mathcal{Y}(G, A)$
$\mathcal{X}\overline{(G,A}$ ) $\hat{\mathcal{X}}(G, A)$
,
95 $S,$ $A$ $K_{A}$ good , $(\mathcal{X}(G, A),$ $\mathcal{Y}(c, A))$ $G,A\mathrm{M}f$ AB context
96 $G=\mathrm{G}_{m}$ , $G$-module good , $G$
74 , Cohen-Macaulay approximation [4]
Sharp’s theorem [37] ( )o - , $S=A=k$
, $G$-module ,
97 62 , 95 , $M\in_{G,A}\mathrm{M}_{f}$ minimal $\mathcal{X}$-approximation
minimal $\mathcal{Y}$-hull
93
, $S,$ $A$ $K_{A}$ good , AB1-4 , $\mathcal{X}$
kernel, extension, direct summand , $\mathcal{Y}$ cokernel, extension, direct summand
(check ) , AB2 , $G$
1 good , $K_{S}=S\otimes\wedge^{n}Q$ good
98 $F\in G,A\mathrm{M}f$ $F$ $A$-free ,
1 $F$ good $\Leftrightarrow F/\mathfrak{m}F$ $\nabla- \mathrm{g}\mathrm{o}\mathrm{o}\mathrm{d}\Leftrightarrow F\in \mathcal{F}(A\otimes\nabla c)$
2 $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(F, A)$ good $\Leftrightarrow F/\mathfrak{m}F$ $\triangle- \mathrm{g}_{\mathrm{o}\mathrm{O}}\mathrm{d}\Leftrightarrow F\in \mathcal{F}(A\otimes\triangle_{c})$ .
$0arrow F’arrow Farrow F”arrow 0$ $A$-finite free $(G, A)$ -modules ,
$A/\mathfrak{m}$ , DPF filtration ( 64)
induction , $F=A\otimes V(V=F/\mathfrak{m}F)$ DPF
, $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(A\otimes V, A)\cong A\otimes V^{*}$ , 2 1
1 $\Leftarrow$ good modules tensor product ,
$\Rightarrow$ $V=k\otimes V$ $A\otimes V$ $G$-module , OK
DPF case
A-module finite free $(G, A)$ -modules $\mathcal{F}(A\otimes_{G}\mathrm{M}_{f})$ Fr
$\circ$ A-module of finite projective (resp. injective) dimension
$c,A\mathrm{M}f$ full subcategory $P$ (resp. $\mathcal{I}$)
99 $?\otimes_{A}K_{A}$ : $Parrow \mathcal{I}$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(K_{A}$ , ? $)$ quasi-inverse
$G=\mathrm{G}_{m}$ case Sharp’s theorem [37] graded version
$G$
,
9.10 $\mathcal{M}$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(?, K_{A})$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(?, K_{A})\circ \mathrm{H}\mathrm{o}\mathrm{m}_{A}(?, K_{A})\cong \mathrm{I}\mathrm{d}$
, 1,2 , 3,4,5,6
9.11
1 $M$ ’ good MCM $\Leftrightarrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})\in \mathcal{X}$
2 $N$ good proj. $\dim_{A}N<\infty\Leftrightarrow N\otimes_{A}K_{A}\in \mathcal{Y}$
$3V\in c^{\mathrm{M}_{f}}$
$\triangle$-good, $X\in \mathcal{X}$ $X\otimes V\in \mathcal{X}$ .
4 $W\in c^{\mathrm{M}_{f}^{1}}$ $\nabla$-good, $Y\in \mathcal{Y}$ $Y\otimes W\in \mathcal{Y}$ .
5 $K_{A}\in \mathcal{X}\cap \mathcal{Y}$
94
6 $A\in \mathcal{X}$
, $\omega=\omega(G, A)=\mathcal{X}\cap \mathcal{Y}$
9.12 $\omega=K_{A}\otimes\omega_{G}$ , $M\in c\mathrm{M}_{f}$ ,
$M\in\omega\Leftrightarrow$ tilting G-module $T$ , $M\cong K_{A}\otimes\tau$ .
$\Leftarrow$ , 9.11 3,4,5
. $\Rightarrow$ $\circ$ $F=\mathrm{H}\mathrm{o}\mathrm{m}_{A}(KA, M.)$ , good A-Pnite free $M=.F\otimes_{A}K_{A}$ .
$N=\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M, K_{A})$ , good A-finite free , .:
$N=\mathrm{H}\mathrm{o}\mathrm{m}_{A}(F\otimes_{A}K_{A}, K_{A})\cong \mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(F, \mathrm{H}\mathrm{o}\mathrm{m}A(KA, K_{A}))\cong \mathrm{H}\mathrm{o}\mathrm{m}_{A}(F, A)$.
, 98 , $T=F/\mathfrak{m}F$ tilting $T=\oplus_{i}T_{i}$
, $F$ DPF filtration $\{F^{[i]}\}$ , $F^{[i]}/F^{[i-1]}\cong A\otimes T_{i}$ ,
tilting
$i,j$ ,
$\mathrm{E}\mathrm{X}\mathrm{t}_{G}^{1},(AA\otimes T_{i}, A\otimes T_{j})\cong \mathrm{E}\mathrm{X}\mathrm{t}_{c}(1T_{i}, A\otimes T_{j})=0$
,
$F \cong\bigoplus_{i}F^{[]}i/F[i-1]\cong\bigoplus_{i}A\otimes\tau_{i}\cong A\otimes\tau$ .
, $M\cong F\otimes_{A}K_{A}\cong K_{A}\otimes T$
9.13
$\Gamma:=\{K_{A}\otimes T(\lambda)|\lambda\in X^{+}\}$
$\omega$ indecomposable object , $X^{+}$ $G$ dominant
weight ( )
$\lambda\in X^{+}$ ,
$A/\mathfrak{m}\otimes_{A}\mathrm{H}\mathrm{o}\mathrm{m}_{A}(KA, KA\otimes T(\lambda))\cong A/\mathfrak{m}\otimes_{A}(A\otimes T(\lambda))\cong T(\lambda)$
indecomposable $G$-module , $K_{A}\otimes T(\lambda)$
indecomposable $(G, A)$ -modules 62 , , add(F) $=\omega$
’




$if$ $i=1$ $\mathrm{E}\mathrm{x}\mathrm{t}_{G,A}^{1}(A\otimes T^{*}, \mathrm{H}\mathrm{o}\mathrm{m}_{A}(X, K_{A}))=$
$\mathrm{E}_{\mathrm{X}\mathrm{t}_{G}^{1}}(T^{*}, \mathrm{H}\mathrm{o}\mathrm{m}A(X, KA))$ , $\tau*$ $\triangle$-good, $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(x, K_{A})$ good ,
, $G,A\mathrm{M}$
$0arrow K_{A}\otimes Tarrow Warrow Xarrow 0$
9.10 canonical dual split , $\mathrm{E}\mathrm{x}\mathrm{t}^{1}(c,AX,$ $KA\otimes$
$T)=0$
$i\geq 2$
$0arrow X’arrow A\otimes Varrow Xarrow 0$
, $V$ $\triangle$-good $\mathrm{E}\mathrm{x}\mathrm{t}_{c}^{j},(AA\otimes V, K_{A}\otimes T)=0(j\geq 1)$ 9.1
9.11 3,6 , $A\otimes V\in \mathcal{X}$ , $\mathcal{X}$ kernel
, $X’\in \mathcal{X}$ $\mathrm{E}\mathrm{x}\mathrm{t}_{G,A}^{i}(x, KA\otimes T)\cong \mathrm{E}_{\mathrm{X}}\mathrm{t}_{c^{-}A}^{i},(1X’, KA\otimes T)=0$
9.15 $A$ abelian category,
$\alpha$ : $0arrow M_{0}arrow M_{1}arrow M_{2}arrow 0$ ,
$\beta_{0}$ : $0arrow Y_{0}arrow X_{0}arrow M_{0}arrow 0$ ,
$\beta_{2}$ : $0arrow Y_{2}arrow X_{2}arrow M_{2}arrow 0$




$0$ $arrow$ $\}_{0}^{r}$ $arrow$ $Y_{1}$ $arrow$ $Y_{2}$ $arrow$ $0$
$\downarrow$ $\downarrow$
$\downarrow$
$0$ $arrow$ $X_{0}$ $arrow$ $X_{1}$ $arrow$ $X_{2}$ $arrow$ $0$
$\downarrow$ $\downarrow$
$\downarrow$
$0$ $arrow$ $M_{0}$ $arrow$
.




1 , 3 $\beta_{0},$ $\beta_{2}$ , 3 $\alpha$
, $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{1}(x2, Y\mathrm{o})=0$ , –
9.16 $F\in_{G}\mathrm{M}_{f}$ A-finite free , A-finite free $(G, A)$-modules exact sequence
(9.17) $0arrow Yarrow Xarrow Farrow 0$
,
$0arrow Y/\mathfrak{m}Yarrow X/\mathfrak{m}Xarrow F/\mathfrak{m}Farrow 0$
$F/\mathfrak{m}F$ right minimal $\triangle$-good approximation
unique $\circ$
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$r=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{A}F$ induction. $r=0$ , $r.>0$
, $F=\oplus_{i\geq si}F,$ $V:=F_{s}\neq 0$ . . : :
$\alpha$ : $0arrow A\otimes Varrow Farrow F’arrow 0$
$(G, A)$-modules A-finite free exact sequence , $F’=F^{[s+1]}$
Induction ,
$\beta_{2}$ : $0^{\cdot}arrow Y’arrow X’arrow F’arrow 0$
$i$.
, $V$ minimal $\triangle$-good approximation
$\gamma$ : $0arrow V_{Y}arrow V_{X}arrow Varrow 0$
$V$ degree 8 , $V_{X},$ $V_{Y}$ degree $s$ $0\beta_{0:=A}\otimes\gamma$ ,
9.15 , $\mathrm{E}_{\mathrm{X}\mathrm{t}_{G,A}^{i}}(x’, A\otimes V_{Y})=0(i>0)$
, , $X’$ DPF $A\otimes W,$ $W$ $\triangle$-good ,
, $(G, A)$-module A-finite free
$0$ $0$ $0$
$\downarrow$ $\downarrow$ $\downarrow$
$0$ $arrow$ $A\otimes V_{Y}$ $arrow$ $Y$ $arrow$ $Y’$ $arrow$ $0$
$\downarrow$ $\downarrow$ $\downarrow$
$0$ $arrow$ $A\otimes V_{X}$ $arrow$ $X$ $arrow$ $X’$ $arrow$ $0$
$\downarrow$ $\downarrow$ $\downarrow$
$0$ $arrow$ $A\otimes V$ $arrow$ $F$ $arrow$ $F’$ $arrow$ $0$
$\downarrow$ $\downarrow$ $\downarrow$
$0$ $0$ $0$
– $A/\mathfrak{m}\otimes_{A}$ ? ,
$0arrow Y/\mathfrak{m}Yarrow X/\mathfrak{m}Xarrow F/\mathfrak{m}Farrow 0$
$X/\mathfrak{m}X$ minimal $\triangle$-good approximation
DPF $V$ degree $s$ , $V_{Y}$ degree $s$ ,
$\mathrm{E}\mathrm{X}\mathrm{t}_{G}^{1},(AA\otimes V, A\otimes V_{Y})\cong \mathrm{E}_{\mathrm{X}\mathrm{t}_{G}^{1}}(V, A\otimes V_{Y})\cong \mathrm{E}_{\mathrm{X}\mathrm{t}^{1}(V,V_{Y})}G$
, (9.17) ,
$0arrow(?)^{[s]}arrow \mathrm{I}\mathrm{d}arrow \mathrm{I}\mathrm{d}/(?)^{[s]}arrow 0$
apply ,
97
, , $\mathrm{A}\mathrm{B}1$ , AB3
9.1 , $A\otimes F(\triangle_{G})\text{ _{}G,A}\mathrm{M}_{j}$ generator , 9.11 3,6
$A\otimes F(\triangle_{G})\subset \mathcal{X}$ , $M\in G,A\mathrm{M}f$ ,
$0arrow Narrow A\otimes V_{S}arrow\cdots.arrow A\otimes V_{0}arrow Marrow 0$
$\triangle$-good, $A\otimes V_{i}\in \mathcal{X}$ $M\in$ , $N\in\hat{\mathcal{X}}$
, $s$ , ABI , $\mathcal{M}\subset\hat{\mathcal{X}}$ $\grave{\lambda}$
9.18 $\mathcal{M}\subset$ , $G,A\mathrm{M}f=$ , AB1




1 $c,s\mathrm{M}_{f}=\hat{\mathcal{X}}(c, s)$ AB1
2 $\omega(G, S)$ $\mathcal{X}(G, S)$ cogenerator , 95 $A=S$
3 $M\in G,A\mathrm{M}f$ , $s\geq 0$ , $i>s$ $H_{\triangle}^{i}(M)=0$ .
3 – $A$ , $M\in G,A\mathrm{M}f\subset c,s^{\mathrm{M}_{f}}$ ,
$G$-module , $A=S$ , ,
$(G, S)$ -module $0$
1 , $\mathcal{M}--\mathrm{F}\mathrm{r}$ , $F\in \mathrm{F}\mathrm{r}$ , $F\in$
$r=F( \triangle)-\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}1.\dim(F/\mathfrak{m}F)=\sup(\{i|H_{\triangle}^{i}((F/\mathfrak{m}F)^{*})\neq 0\}\cup\{0\})$
, $r$ induction $F\in\hat{\mathcal{X}}$ $r=0$ , 98 ,
$M\in \mathcal{F}(S\otimes\triangle c)$ , , $r>0$ ,
$0arrow\Omegaarrow S\otimes Varrow Farrow 0$
$V\in F(\triangle)$ ,
$0arrow\Omega/\mathfrak{m}\Omegaarrow Varrow F/\mathfrak{m}Farrow 0$
, $V\in F(\triangle)$ , $\mathcal{F}(\triangle)- \mathrm{r}\mathrm{e}\mathrm{S}\mathrm{o}\mathrm{l}.\dim(\Omega/\mathfrak{m}\Omega)=r-1$ , induction
$\Omega\in$ , $F\in$ , $A=S$ 1
2 , $A=S$ , $\mathcal{M}=\mathrm{F}\mathrm{r}$ , $Ks\cong S\otimes\wedge^{n}Q$
, $\wedge^{n}Q$ 1 , $\mathcal{X}(G, S)=\mathcal{F}(S\otimes\triangle c)$ , $\omega(G, S)=S\otimes\omega_{G}$ (
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$\mathcal{Y}(G, S)=\mathcal{G})$ , $F\in \mathcal{X}(G, S)$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{S}(F, S)$ 9.16 Fr
$0arrow Yarrow Xarrow \mathrm{H}\mathrm{o}\mathrm{m}s(F, S)arrow 0$
, $Y$ good, $\mathrm{H}\mathrm{o}\mathrm{m}_{S}(x, S)$ good ,
$0arrow Farrow \mathrm{H}\mathrm{o}\mathrm{m}_{S}(x, S)arrow \mathrm{H}\mathrm{o}\mathrm{m}s(Y, S)arrow 0$
, $\mathrm{H}\mathrm{o}\mathrm{m}_{S}(Y, S)\in \mathcal{X}$ , $F\in \mathcal{X}$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{S}(x, S)\in \mathcal{X}\cap \mathcal{Y}=\omega$ , $\omega$
$\mathcal{X}$ cogenerator
, 1,2 , 95 $A=S$,–
3 $A=S$ , $M\in P=F(S\otimes\triangle c)$ , $M\in \mathcal{F}(S\otimes\triangle c)$
$\mathrm{H}\mathrm{o}\mathrm{m}s(M, S)$ $\mathcal{F}(S\otimes\triangle_{G})$ -resolution $\mathrm{F}$ , $M\cong$
$\mathrm{H}\mathrm{o}\mathrm{m}_{S}(\mathrm{H}\mathrm{o}\mathrm{m}s(M, s),$ $S)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{S}(\mathrm{F}, S)$ 98 , $M$ $\mathcal{G}$-coresolution
$M\in \mathcal{G}$ ;.
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1 $M\in c,s\mathrm{M}_{f}$ $r\geq 0$ ,
$\mathrm{i}M\in \mathcal{Y}(G, S)$ $r\geq \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}$ . $\dim_{S}M$
ii
$0arrow Y_{r}arrow Y_{r-1}arrow\cdotsarrow Y_{0}arrow Marrow 0$
, $Y_{i}\in \mathrm{F}\mathrm{r}\cap \mathcal{Y}(G, S)(0\leq i\leq r)$
ii
$0arrow Yarrow T_{r-1}arrow\cdotsarrow T_{0}arrow Marrow 0$
, $Y\in \mathrm{F}\mathrm{r}\cap \mathcal{Y}(G, s),$ $T_{i}\in\omega(G, S)(0\leq i<r)$
2 $M\in_{G,A}\mathrm{M}_{f}$
$\mathrm{i}M\in \mathcal{X}(G, A)$
ii $\mathcal{X}(c, S)-\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}.\dim(M)=h(=\dim S-\dim A)$ .
3 $M\in G,A\mathrm{M}[f$
$\mathrm{i}M\in \mathcal{X}(G, A)$ $M$ good
$\mathrm{i}’ M\in \mathcal{X}(G, A)$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})\in \mathcal{X}(G, A)$
ii
$0arrow T_{h}arrow T_{h-1}arrow\cdotsarrow T_{0}arrow Marrow 0$
, $T_{i}\in\omega(G, S)(0\leq i\leq h)$
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1 $\mathrm{i}\mathrm{i}\Rightarrow \mathrm{i}$ , $\hat{\mathcal{Y}}=\mathcal{Y}$ depth lemma $\mathrm{i}\Rightarrow \mathrm{i}\mathrm{i}\mathrm{i}$ ,
$s=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}$ . $\dim s^{M}$ $s=0$ , $s>0$ ,
$0arrow M’arrow T_{0}arrow Marrow 0$
$M$ $\mathcal{X}(G, S)$-approximation , $M’\in \mathcal{Y}(G, S)$ , $T_{0}\in\omega(G, S)$ ,
$M’$ induction $\dot{\mathrm{i}}\mathrm{i}\mathrm{i}\Rightarrow \mathrm{i}\mathrm{i}$
, 2 $\mathrm{i}\Rightarrow \mathrm{i}\mathrm{i}$ $M\in \mathcal{X}(G, A)$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})$ good ,
$\mathcal{Y}(G, S)$ , proj. $\dim_{S}M=h$ 1 , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})$ $h$
$\mathrm{F}\mathrm{r}_{s\cap}y(G, S)$-resolution $\mathrm{F}$ $\mathrm{H}\mathrm{o}\dot{\mathrm{m}}_{S}(\mathrm{F}, Ks)$ $h$
$M\cong \mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathrm{H}\mathrm{o}\mathrm{m}A(M, K_{A}),$ $KA)\cong \mathrm{E}\mathrm{X}\mathrm{t}(hS\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, KA),$ $K_{s})$
$\mathcal{X}(G, S)$-resolution $\mathrm{i}\mathrm{i}\Rightarrow \mathrm{i}$ $M\in G,A\mathrm{M}f$ $\mathcal{X}(G, S)-\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}.\dim(M)=h$
$M$ $h$ $\mathcal{X}(G, S)$ -resolution $\mathrm{F}$ ,
$\dim S$ –depth $M=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}$ . $\dim_{S}M\leq h=\dim S-\dim A$
, depth $M\geq\dim A$ , $M\in \mathcal{M}_{A}$ , $\mathrm{H}\mathrm{o}\mathrm{m}_{S}(\mathrm{F}, K_{S})$
$\mathrm{E}\mathrm{x}\mathrm{t}^{h}(SK_{S}M,)\cong \mathrm{H}\mathrm{o}\mathrm{m}A(M, K_{A})$ good free module resolution , $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(M, K_{A})$
good , $M\in \mathcal{X}(G, A)$
3 $\mathrm{i}\Leftrightarrow \mathrm{i}$ ’ $\mathcal{X}(G, A)$ $\mathrm{i}\mathrm{i}\Rightarrow \mathrm{i}$’ 2
$\mathrm{i}\Rightarrow \mathrm{i}\mathrm{i}$ , 2 74 7
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1 $G,A\mathrm{M}_{\hat{J}}=\hat{\mathcal{X}}(c, A)$ AB1 – $A$
2 $\omega(G, A)$ $\mathcal{X}(G, A)$ cogenerator , 95 – $A$
1
$M\in \mathcal{M}$ $M\in$ $N=\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M, K_{A})$ , 9.19 3
, $s\geq 0$ $H_{\triangle}^{i}(N)=0(i>s)$ $s$ $\mathcal{M}$
$0arrow Xarrow A\otimes V_{s}arrow\cdotsarrow A\otimes V_{0}arrow Marrow 0$
, $\triangle$-good ,
$0arrow Narrow K_{A}\otimes V_{0}^{*}arrow\cdotsarrow K_{A}\otimes V_{S}^{*}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(x, K_{A})arrow 0$
, $H_{\triangle}^{i}(K_{A}\otimes V_{j}^{*})=^{\mathrm{o}}(i>0, j=0, \ldots, s)$ , ,
$H_{\Delta}^{i}(\mathrm{H}_{0}\mathrm{m}A(X, KA))=0$ $(i>0)$
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, $X\in \mathcal{X}$ , $M\in\hat{\mathcal{X}}$
, 2 , $A\in G,A\mathrm{M}_{f}$ 920 3 ,
$0arrow T_{h}arrow$
.
$T_{h-1}arrow\cdotsarrow T_{1}arrow T_{0}\partialarrow Aarrow 0$
, $T_{i}\in\omega(G, S)(0\leq i\leq h)$ $J:={\rm Im}\partial$ , $J$ good
, $\mathrm{E}\mathrm{x}\mathrm{t}_{c,s}^{1}(S, J)\cong H^{1}(G, J)=0$ ,
$0$ $arrow$ $I$ $arrow$ $S$ $arrow$ $A$ $arrow$ $0$
$\downarrow j’$ $\downarrow j$ $\downarrow=$
$0$ $arrow$ $J$ $arrow$ $T_{0}$ $arrow$ $A$ $arrow$ $0$
${\rm Im} j\not\subset \mathfrak{m}T_{0}$ $\tau_{0}$ $S$-free , $j$ $S$-split , $Y’:=\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}j\cong$
$\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}i^{;}$ good $i’$
$M\in \mathcal{X}$ , $N=\mathrm{H}_{\mathrm{o}\mathrm{m}_{A}}(M, K_{A})$ , N. $(G, S)$-module ,
$S$ 9.5 , $N$ $\mathcal{X}(c, s)- \mathrm{a}_{\mathrm{P}\mathrm{p}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}$ : .. .
$0arrow Yarrow Xarrow Narrow 0$
$X$ free , $X/\mathfrak{m}_{S}X$ $\triangle$-good - , $Y,$ $N$ good , $X$
good $X\in\omega(c, s)$ , $X\cong S\otimes V,$ $V$ tilting
$0$ $arrow$ $I\otimes V$
:
$arrow$ $S\otimes V$ $arrow$ $A\otimes V$ $arrow$ $0$
$\downarrow i$ $\downarrow\underline{\simeq}$ $\downarrow p$
$0$ $.arrow$ $Y$ $.arrow$. $X$ $arrow$ $N$ $arrow$ $0$




$0$ $arrow$ $I\otimes V$ $arrow|$ $Y$ $arrow$ $Z$ $arrow$ $0$
$\downarrow j’\otimes 1_{V}$ $\downarrow$ $\downarrow=$
$0$ $arrow$ $J\otimes V$ $arrow$ $Y^{n}$ $arrow$ $Z$ $arrow$ $0$
$\downarrow$ $\downarrow$
$Y’\otimes V$ $arrow=$ $Y’\otimes V$
$\downarrow$ $\downarrow$
$0$ $0$
, $Y’,$ $V$ good , $\mathrm{Y}’\otimes V$ good , $Y$ good $Y”$ good
$J\otimes V$ $Y”$ good , $Z$ good
Maximal Cohen-Macaulay $(G, A)$-modules
$\mathrm{O}arrow Zarrow A\otimes Varrow Narrow \mathrm{O}$
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canonical dual ,
$0arrow Marrow K_{A}\otimes V^{*}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}(z, K_{A})arrow 0$
$K_{A}\otimes V^{*}\in\omega,$ $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(z, K_{A})\in \mathcal{X}$ , $\omega$ $\mathcal{X}$ cogenerator $\circ$
95 –
922 , good positively graded Cohen-Macaulay $G$-algebra $A$ ,
A’A good , good $S$ $A=S/I$ ,
6 , $Q$ good , Sym $Q$ good
, $S$ Sym $Q$ , , $W$
k-vector space , $G=GL(W)$ $W$ 6 $k$ 2
, $V=S_{3}W$ $S_{2}V$ good [6, Remark 4.2]. , $V=\wedge^{2}W[28],$ $[6]$ ,
$V=S_{2}W[29],$ $[6],$ $V=W\otimes W[3]$ Sym $V$ good ,
, [2] , $\wedge^{2}\wedge^{2}W$ $k$ 2 $\dim_{k}W\geq 4$ , $\nabla$-good $\triangle$-good
10 Determinantal ring example
Determinantal ideal non-trivial $\circ \mathrm{N}\mathrm{o}\mathrm{n}-$
trivial , $G$ linearly reductive , $S/I$ Gorenstein ,
$k$ , $V=k^{m},$ $W=k^{n}$ $k$ $m$ , $n$ $(m, n\geq 1)$
, $S=\mathrm{S}\mathrm{y}\mathrm{m}(V\otimes W)$ $G=GL(V)\cross GL(W)$ Kronecker’s product $V\otimes W$
, $S$ G-algebra
$V,$ $W$ $\{x_{1}, \ldots, x_{m}\}$ $\{y_{1}, \ldots, y_{n}\}$ , $x_{ij}=X_{i}\otimes y_{j}\in V\otimes W$
, $S$ $x_{ij}$ $k[x_{ij}]$ $t(1 \leq t\leq\min(m, n))$
, $I=I_{t}$ , $S$ $(x_{ij})$ minors $S$ ideal
, $G,$ $S$ , $A=S/I$ $\mathrm{G}_{m}\subset Z(G)$
, $Z(GL(V))\mathrm{X}e$ , , degree 1
$A$ Cohen-Macaulay [23] $\circ$ $S$ $I$ good , [3]
, , good cokernel
$A=S/I$ good
$K_{A}$ good –
10.1 , $K_{A}$ good
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, $m=n$ $A$ Gorenstein [39], $G$ linearly reductive
, $m=n=1$ char$(k)=.0$ , $A$ . $\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{G}\mathrm{o}..\mathrm{r}\mathrm{e}\mathrm{n}.\mathrm{S}\mathrm{t}\mathrm{e}.\mathrm{i}\mathrm{n}$
$G$ linearly reductive
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